It is a solid truth in mathematics that the derivative of a function is unique. We want to show that there exist particular functions all of which have the same form but their derivatives are different. Even though this may seem quite novel, such function could be crucial for the purpose of describing the world such as related to mental phenomena where the logic of the current mathematics is not adequate.
Introduction
We have learned from the development of physics that the mathematics used to explain the basic laws of natural phenomena has within them the characteristics that realize such laws. In other words, establishing Newtonian mechanics required calculus, and in systematically understanding quantum mechanics, linear algebra played a major role. In addition, the Theory of General Relativity could be formulated lucidly and elegantly through using tensor fields. It seems, however, that describing the mental world mathematically requires new mathematics. For example, if we represent an object that we mentally perceive with a function, judgments or thoughts regarding that this object can be represented with the derivative of the function. Making a judgment requires comparing adjacent parts of the function, and differentiation performs this work. In the mental world, an object with the same appearance can be perceived or judged in multiple different ways, and this suggests that, in the mental world, a function which represents the appearance of an object should have plural derivatives which represent the perception of the object. However, the mathematics that we currently use for the material world does not allow a function to have such a property. Thus, if such a property is granted in current mathematics, a whole new branch of mathematics can be conceived.
The purpose of this article is to introduce a particularly constructed function that has plural derivatives. The recursive Heaviside step function ( ) , n n U t T has this property. The order n of the recursive Heaviside step function ( ) , n n U t T is a natural number greater than 0, and n T denotes n indices given by ( ) 1 1 , , , n n n T τ τ τ − =  . In the following sections, we will first define ( ) , n n U t T , and show that if all of the indices are the same, 1 2 τ τ τ = = =  , then the derivatives of n U with different order n are all different even though their functional forms are all the same. We will then use numerical analysis to show explicitly how such an apparent contradiction can be accounted for. In the subsequent sections, we will also investigate the case in which some or all of the indices i τ are different. We will demonstrate that, in such cases, the form of ( ) 
The Recursive Heaviside Step Function with All of the Same Indicies
The recursive Heaviside step function ( ) , n n U t T is the solution of the advection-like differential equation,
Here,
in terms of the usual Heaviside step function [1] ( )
where 0 U is set to be 1 which is necessary to define 1 U , and 
for any order n. 
The results given by (6) is obtained by (3) 
defined by (7). The derivative of 2 U can be obtained by applying the chain rule [2] , and the result becomes ( )
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where the last line of (9) is obtained using the fact that ( )
− + becomes 1 when 0 t τ < ≤ and 0 when t τ > . The derivative of 3 U can be achieved similarly. After applying the chain rule twice, the result becomes ( )
.
By comparing (6), (9), and (10), we can speculate that the derivative of ( )
where the superscipt (k) in n τ τ τ = = =  is entered for differentiation with respect to t, then the Mathematica returns the terms which are exactly same as those given by the right-hand side of (11). Thus, we face an awkward situation in which the functional form of ( ) , n U t τ is equal to the same ( )
τ is clearly depend on the order n as shown explicitly by (11).
Apparent Inconsistency of the Preceding Results
The result obtained in the previous section demonstrates a hardly acceptible idea that the derivatives of the same two functions are not equal to each other. This simply means that for two functions 
This outcome does not concur at all with current mathematics. Therefore let us determine once more whether or not any fault existed in the previous derivation. First, the result given by (5), which states that the form of ( ) , n U t τ is the same and equal to ( )
− + regardless of their order n is obtained solely by (3), which defines the Heaviside step function. This procedure is quite straightforward and definitive.
Second, the derivative of the right-hand side of the second equation of (4) was obtained by the chain rule, as shown in (9). The chain rule of the differentiation is a formula for computing the derivative of the composition of two functions, such as ( )
It states that when the two functions ( ) f t and ( ) g t are given, the derivative of ( )
Moreover, the only condition that the chain rule (12) holds is that both of the derivatives
should exist [2] . The derivative of the Heaviside step function
Thus, undoubtedly, the result obtained by (9) is valid. One may still worry that the chain rule (12) does not hold for the Heaviside step function due to its discontinuity. However, we will treat, in the next section, both the Heaviside step function and the Dirac delta function by approximate smooth representations given by (13) and (15), respectively, which are continuous. Therefore, the chain rule can certainly be applied in our study without any difficulty. For this reason, regardless of how unacceptable it might appear at first glance, the above argument forces concluding the proposition that there exist functions with the same functional form, but with different derivatives.
Clarification of the Above Inconsistency by Numerical Analysis
To investigate the meaning of the statement that while and, except at 0 t t = , it becomes exactly the same as Figure 1 , we plot the graphs of It is not difficult to ascertain from the graphs in Figure  2 that eventually the forms of the three i U s become the same when k is sufficiently large, while they are quite different when k is small, such as 5 k = and 10 k = . In addition, when k is small, we can clearly observe that the slope of i U s around t τ = becomes steeper as i increases. Furthermore, the tendency in which the slope of 
Of course, it reduces to the Dirac delta fucntion ( ) 0 t t δ − exactly when the parameter k in (15) goes to infinity. In fact, we can obtain the derivative of the recursive Heaviside step function 
By differentiating (16) with respect to t, we get ( ) given by (15) is used. Note that the scale for the vertical axis is different for all of the graphs. same infinities. We can observe how they (each of the powers of the Dirac delta function) become larger at t τ = as the parameter k increses, i.e., the maximum of the powers of the Dirac delta function becomes larger even more rapidly when the order i is larger. This attribute of the powers of the Dirac delta function is conveyed to the derivative of the recursive Heaviside step function
τ intact since it consists of the powers of the Dirac delta function, as given by (11).
On the right-hand side of Figure 3 , the derivatives
U t t τ (red), and ( ) figure) , except for the case where (a) 2 k = , is that the highest power term in (11) Figure 3 , the powers of the delta functions, i.e., ( ) 
An Analogue Found in Einstein's Special Theory of Relativity
We have argued so far that even though all of the recursive Heaviside step functions [4] . Through the Special Theory of Relativity, it has been realized that time and space are essentially the same, and we are living in four dimensional space-time. As a consequence of the theory, the time interval between two events, the lenght of a rod, and the mass of an object are not the same when viewed by the two different inertial frames. This is called the effect of the Special Theory of Relativity, and this effect depends on the relative speed v of the two inertial frames. The degree of the effect is determined by the well known Lorentz factor Table 3 . Now imagine that three space ships A, B, C traveling at uniform velocities 1 v , 2 v , and 3 v , respectively, when viewed from the Earth, are heading for the same star, which is 10 light years away from the Earth and supposed to pass the Earth simultaneously at 12:00 a.m. on January 1, 2016. The arrival times of the three space ships are almost the same when observed from the Earth, since their speeds are practically the same. In fact, when observed from the Earth, the arrival times of the space ships A and B differ by only two days, and those of space ships B and C differ by only 50 minitues, as can be seen from the third column of Table 3 . However, when observed from each space ship, the arrival times of the space ships A and B differ by five months, and those of space ships B and C differ by 15 days, as can be seen from the last column of Table 3 .
The Recursive Heaviside Step Functions When Some of the Indicies Are Different
Let us now consider the recursive Heaviside step function ( ) 
